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Abstract: Concrete has been widely used as a building material for the last decades. As we know, the degradation of concrete
happens mostly with the presence of water, to which the electromagnetic waves are sensitive. The information of water content
in concrete structure thus becomes an interesting subject for ground penetrating radar (GPR). In this study, we use an
experimental set-up of imbibition to model the water content in concrete. Our main objective is to monitor the water transfer
through time by electromagnetic (EM) guided waves. A new empirical model – arctan(x) model is proposed here to approximate
the distribution of dielectric constant in concrete slabs during imbibition time, based on the measurements of gammadensimetry.
The determination procedure includes the requirement of guided waves, the extraction of phase velocity dispersion curves and
the inversion of gradient curves. The inversion of this model has been validated first by synthetic model in Matlab®, then by
numerical model using GPR modeling software GprMax 2D, where the concrete with gradient was approximated by a 27-layer
medium. The model will be further validated by experimental studies. The GPR equipped with antennas at 1.5 GHz will be
applied to the measurements of guided waves using common mid-point (CMP) configuration. It can help us to design and
develop new microwave (MW) sensing and imaging systems for structural health monitoring of multiple layers of concrete.
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0 Introduction

Concrete, especially reinforced concrete, is certainly
the most popular building material today [1]. For the last
decades, it has been widely used in the constructions of
housing, factories, commercial buildings, bridges, tunnels
and other infrastructures. The durability of concrete thus
becomes a main issue to concern as there always exists
degradation of concrete. One of the main degradation
processes is the steel corrosion, causing cracks in
concrete cover and weakening the strength of concrete
structures [2-4]. This process is caused by the penetration
of aggressive agents, which is associated with the
penetration of water. As we know, water content of
concretes is an import durability monitoring parameter,
which causes and accelerates most degradation processes.

There are a lot of non-destructive testing (NDT)
methods that can be applied to the detection of concrete,
such as resistivity [4], ultrasonic tests [5], thermographic
imaging [6], and electromagnetic (EM) methods, including

EM emission [7], ground penetrating radar (GPR) [8-9], etc.
Among them, GPR is a competitive means for the
detection of water content as the measurement is simple
and the EM waves are sensitive to the presence of water.
In fact, many studies have been announced about the
determination of water content using GPR, according to
the amplitudes, waveforms or propagation velocities of
GPR pulses [10-11].

However, in these studies, the concrete specimens
are usually considered as homogeneous media. It is not
applicable to most in-situ measurements as there are
water gradients in concrete structures in natural
environment. As an important step to study the water
transfer in concrete, we use an experimental set-up of
imbibition to model the water content in concrete. The
partially wet concrete slab, with the water or a steel sheet
below, can form a waveguide (WG) for the propagation
of EM waves. The study of van der Kruk [12] announced
that it is possible to invert the physical properties of the
WG medium from the dispersion of the guided GPR
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waves. The propagation of transverse electric (TE) modes
is less sensitive to EM leakage phenomena,
corresponding to the model we use. In our former
works[13], we suppose the concrete slab as a two-layer
medium, composed of a dry layer and a wet layer. The
thickness of each layer has been successfully calculated
from the WG inversion. However, the two-layer model is
only available when there is a sharp interface between the
dry part and the wet part. In most cases, a transition zone
exists between the two parts [14], which can be observed
as a water gradient. Then we found from the results of
gammadensimetry [15] that, the water content gradient
curve in concrete is like a reversed arctan curve. In this
case, a new empirical model – arctan(x) model is
proposed here to approximate the gradients in concrete
slabs. The main objective is to better determine the water
content in concrete during imbibition.

The rest of this paper is organized as follows:
section 1 talks about the fundamental equations for WG
inversion and the introduction of parallel model; section
2 introduces the experiment of concrete imbibition and
the reference results obtained from gammadensimetry;
section 3 discusses about the modeling of partially wet
concrete slab during imbibition using arctan(x) model;
section 4 presents the conclusions of this paper.

1 Inversion of EMWGModel

The theories related to the multi-layer WG inversion
are to be introduced in this section. The fundamental
equation of the modal theory is used to calculate the
theoretical phase velocities at different propagation
modes, with the knowledge of incident angle. The
parallel model is a dielectric mixing model which can
develop the one-layer waveguide into multi layers. This
section lays the foundation of the inversion for the
arctan(x) model.

Fig.1 Diagram of GPR monitoring with a WARR-TE
configuration for EM wave propagation in a leaky WG

1.1 Fundamental equations
As shown in Fig.1, a concrete slab forms a leaky

WG[8] for the propagation of GPR waves, with a perfect
electric conductor (PEC) or some water below.

A dielectric mixing model - parallel model is used to
define the real part of the equivalent permittivity e' of
the WG medium. Note that the WG is low loss medium
and the value of e' is between the dielectric constant
of the two ends: 1 2' ' 'e    . The fundamental
equation of modal theory can thus be defined by:
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The measured phase velocity mv is picked from a
dispersion image calculated from the GPR data by a two
dimensional Fourier transform [16]. The dielectric and
geometric properties of the WG can be approximated by
minimizing the difference between the measured and
theoretical dispersion curves of phase velocity. The cost
function is therefore given by:
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where N is the number of frequency points.
1.2 Parallel model

The parallel model [17], derived from Lichtenecker -
Rother equation, is found to implement the gradients in
the WG. The equivalent permittivity e' is calculated
from the permittivity and thickness of each layer i' and

ih through the equation of parallel model:
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This model applies to the case that the interfaces
among these media are regarded as parallel and infinite.

2 Imbibition of Concrete

An experiment of imbibition was undertaken for
concrete by capillary effects with the application of two
measurements: GPR and gammadensimetry. The concrete
samples were strictly controlled in temperature and
moisture conditions in a climate chamber before the
experiment. The GPR was applied for the acquisition of
guided waves. The measurements of gammadensimetry
show the gradient curves of relative density of the
concrete sample during imbibition, which can be
considered as reference. However, as cylindrical samples
are required for the measurements of gammadensimetry,
it is usually classified as a semi-destructive test.
2.1 Experimental set-up

In the experiment of imbibition, a non-reinforced
concrete slab with the size 45×36×13 cm3 was first put
in a climate chamber conditioning at T = 20℃ and
relative humidity RH = 70% for two months to make the
moisture distribution homogeneous. Then it was placed
in a basin where the water surface is kept 2cm higher
than the bottom of the concrete. The resin painted on the
4 sides of the slab ensures the water goes up into the
concrete by capillary effect. At the same time, a
cylindrical sample (size: Ø10 × 12 cm2) of the same
concrete is conditioned with the same protocol for the
measurement of gammadensimetry. The experimental
set-up of imbibition is demonstrated in Fig.2.

Fig.2 Imbibition protocol of: (a) concrete slab (45×36×13
cm3) intended for GPR measurements; and (b) concrete

cylindrical core (Ø10×12 cm2) intended for weighing and
gammadensimetry measurements

The concrete specimens were measured before
putting into the water. Then the measurements were
conducted after each certain time of imbibition. For the
requirement of GPR data, the GPR system SIR-3000
from GSSI® equipped with 1.5 GHz antennas was used

for a common mid-point (CMP) TE measurement. The
offset between the transmitter and the receiver started
from the middle to the maximum offset Xmax = 28 cm,
with a moving step Δx = 1 cm.
2.2 Gammadensimetry

Gammadensimetry [15] is a non-destructive
equipment that generates γ-ray to measure the density
and density variation over time of civil engineering
materials.

The concrete core was measured at different height
by every 6 mm to obtain the density variation curve. The
results are shown in Fig.3, where t0 refers to the time
before imbibition. The concrete sample was measured at
the imbibition time of 2 h, 4 h, 8 h, 30 h and 124 h.
During the first 30 hours of imbibition time, the density
at the bottom and the top keeps at almost the same level.
Despite some noise caused by the heterogeneity of
concrete, the variation curves are like reversed arctan
functions. However, after 124 hours, the concrete sample
is nearly saturated. The curve is not like arctan function
anymore.

The increase of water content is linearly related to
the increase of density. Moreover, the water content has a
strong linear relationship with the dielectric constant of
concrete [18-19]. The gradient curve of dielectric constant
in concrete is thus supposed to have the same shape as
the density variation curve.

Fig.3 Relative density variation of cylindrical sample C1- 17 as
function of height through imbibition time obtained by

gammadensimetry

3 Simulation with Arctan(x) Model

Based on the results of gammadensimetry, an
arctan(x) model is proposed here to present the variation
of dielectric constant with respect to the position x of
concrete’s height h during imbibition:
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In Eq. (5), [0, ]x h , b and c are respectively the
upper limit and lower limit of the curve, d refers to the
position of the gradient and a is the shape factor that
when 0a , the medium can be regarded as two
layers and d is the thickness of the wet layer. The
effective permittivity of the medium is given by the
following equation, with applying the parallel model:
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Since h is normally a known parameter, our
objective becomes to invert the 4 parameters [a, b, c, d]
by minimizing the cost function:
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The non-linear least squared algorithm is used to do
the minimization. The proposed arctan(x) model will be
verified by the numerical model simulated with the GPR
modeling software gprMax 2D [20]. Then the inversion
will be validated with the data from numerical model.
3.1 Gradient models

To build the synthetic model, the parameters of
arctan(x) model are determined as: h = 0.13, a = 0.01, b =
15, c = 6 and d = 0.02. In gprMax, the variation of
permittivity is approximated by a 27-layer medium. The
conductivity is defined as σ = 0.00004 S/m so the
medium can be considered as lossless. No dispersion is
added to the material because the geometrical dispersion
from the multi-reflections in the waveguide is only
considered in our model. The WARR configuration is
used in the GPR simulation. The resource is a ricker
pulse at 1 GHz as it is similar to the emitted signal from
the GPR system we use at 1.5 GHz. The offset between
the transmitter and the receiver started from Xmin = 9.4
cm to the maximum offset Xmax = 39.4 cm, with a moving
step Δx = 1 cm.

Fig.4 demonstrates the difference of dielectric
constants from the analytical model and the numerical
model for gprMax. It is shown that the permittivity of the
model in gprMax (black line) is not exactly the same as
the analytical model (purple line). The black line is

getting closer to the purple line when the number of
layers increases. However, considering the calculation
efficiency, we only defined 27 layers.

Fig.4 Gradient curves of permittivity from synthetic and
numerical (gprMax) models

Fig.5 B-scan obtained from the WARR GPR simulation

Fig.6 Dispersion curves of guided waves from synthetic
arctan(x) model (blue line) and numerical model (black dot)

with h = 0.13, a = 0.01, b = 15, c = 6 and d = 0.02
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Fig.5 is the B-scan obtained from the GPR
simulation which shows the multi-offset wave-field with
respect to the trace number (refers to the offset) and the
propagation time. From the figure, we can see very
strong reflections in the waveguide medium. Then the
whole wave-field was transformed into the f − β [13]

domain to pick the phase velocity dispersion curves.
Fig.6 shows the dispersion curves of the gradient

model, calculated from the WG model and the numerical
model, respectively. From the figure, we observe that the
curves generally match well with each other. The errors
at low frequencies are caused by the low resolution of f −
β [16] transform and the limitation of Xmax. The errors at
high frequencies are probably caused by the
multi-reflections among the different layers as waves at
higher frequency are more sensitive to the variation of
permittivity. In this case, values at low frequencies and
high frequencies, normally below 500 MHz and above
2.5 GHz for the 1.5 GHz antennas, are not preferred in
the inversion since they will introduce more errors into
the inversion results. In the following subsection, the
dispersion curves from the numerical model will be used
to validate the inversion of the WG model. Some details
will also be discussed in the process.
3.2 Validation of WG inversions

By integrating the arctan function equations (5) and
(6) into the WG model, our inversion is targeted at the
estimation of the parameters [a, b, c, d]. Two steps have
been conducted for the validation: first, to study the cost
function with the analytical model; second, to validate
the inversion with the numerical model. Then the
arctan(x) model will be applied to the experiments on
concrete of imbibition.

To look for the global minimum of the cost function
min(CF), we have calculated the values of CF by varying
3 out of the 4 parameters. It has been proved that one
global minimum can be found if we properly define the
initial values of the 3 unknowns. However, there are also
many local minima. We can imagine that the inversion of
the 4 unknowns would be much more difficult. After
some parametric study on the 4 parameters, we finally
decided to pre-estimate parameter c and to invert the
other 3 parameters since CF is less sensitive to the error
in c and c refers to the value of 1' , which is possible to
be obtained in reality. The steps of inversion are

described as follows.
1) Selection of working band. The first step of the

inversion is to select the frequency band to be used for
the phase velocities. The modes TE1 (0.7 – 0.9 GHz), TE2

(1.2 – 1.4 GHz) and TE3 (1.7 - 1.9 GHz) are finally
chosen to do the calculation.

2) Initial values of iterations. The initial values of
the iterations are determined in Table 1. The parameter b
is close to the dielectric constants of the lower surface of
the waveguide. For concrete slabs, we are able to limit its
value in a certain range by experience. The shape factor a
is normally located between 0.01 and 0.04. The value of
d corresponds to the position of the water front, which we
can determine it between 0 and the total thickness h. But
here we use the range [0.01 - 0.06] (m) to save the time.

Table 1 Definition of starting values of inversion

Parameter Range Interval

a 0.01 – 0.04 0.01

b 12 – 18 1

d 0.01 – 0.06 0.01

3) Minimum CF searching. For each combination
of the starting values of the 3 parameters, one min(CF) is
obtained in the end, which is the residue of the non-linear
regression. The minimum of the cost functions min(CF)
from all the starting models is identified as the global
minimum or very close to it, where we get the values of
[a, b, d] that we are looking for.

The inversion has been done for the analytical WG
model and the numerical model built in gprMax. The
results are shown in Table 2, where the direct values refer
to the input values for the arctan(x) gradient model. The
calculations have been proceeded with one single mode,
as well as two combined modes. For the results of the
analytical WG model, the inverted parameters match very
well with the input parameters. Furthermore, the residue
is rather small. For the results of the numerical model, it
is not so good as the WG model. The approximation of

1' is good because parameter c is considered as a
known parameter. However, from the inversion results of
TE1 mode, the values of b and d are obviously smaller
than the model, resulting the error in 2' . This is
reasonable because the phase velocities of the numerical
model at TE1 are obviously higher than those of the WG
model, as we can find in Fig.6. When we combine TE1
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and TE2 modes, the inversion results seem to be better.
Meanwhile, we find the inversion results from TE2 and
TE3 modes are rather satisfying as the dispersion curves
match very well with the WG model. Comparing the
inversion results of the two models, we can conclude that
the 3 parameters [a, b, d] of arctan(x) model can be
inverted directly from the phase velocities of the guided
waves. The selection of frequency band is essential since
the errors in dispersion curves will cause errors in
inversion results. When multiple modes are involved in
the inversion, the errors can be reduced.

4 Conclusion and Future Works

In this paper, we have proposed an empirical model
– arctan(x) model to describe the gradient curve of
partially wet concrete slabs during imbibition. It has been
built according to the reference results from
gammadensimetry. By combing this model with the
parallel model, we find it possible to invert the gradient
curve of permittivity from the propagation velocities of
guided waves. It can be applied to the concrete of
imbibition when the slabs are un-saturated. To correctly
invert the unknown parameters, the working frequency

band should be carefully chosen. The accuracy of
inversion results will also be affected by the accuracy of
dispersion curves. To obtain a complete wave-field of the
guided waves, it is important to note the criteria to form
the WG. A strong reflector, such as a metal sheet, is often
acquired below the WG medium.

In the next step, we will apply this model to the
experimental results for validation. We also hope to
validate the process to a more general case, for example,
to design and develop new microwave (MW) sensing and
imaging systems for structural health monitoring of
multiple layers of concrete. The challenge may be that,
for multiple layers, the current model will not be
available. More unknowns will be in the inversion,
bringing about more uncertainties to the solution.
Considering the GPR measurements, the accuracy is also
expected to be developed by reducing the noise and
properly setting the experimental configurations.
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Table 2 Inversion results of gradient models

Mode a b d 2' 1' min(CF) (106 m/s)

Direct values 0.01 15 0.02 14.3 6.13

TE1 – analytical 0.01 14.99 0.02 14.29 6.13 0.061

TE2 – analytical 0.01 14.99 0.02 14.29 6.13 0.066

TE3 – analytical 0.01 14.99 0.02 14.29 6.13 0.066

TE1 – numerical 0.02 13.22 0.01 11.48 6.16 5.44

TE2 – numerical 0.01 14.14 0.02 13.54 6.12 2.84

TE3 – numerical 0.01 14.50 0.02 13.85 6.12 0.85

TE1+TE2 - numerical 0.02 15 0.01 12.75 6.24 4.47

TE2+TE3 - numerical 0.01 14.40 0.02 13.73 6.12 3.00
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